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Motivations

Source: https://www.ictsmarhis.com/

� Earthquake scenarios near coastal environments

� Coupling of elastic and acoustic wave propagation

Requirements on the numerical scheme

� Mesh flexibility

� High-order accuracy

� Suited to HPC techniques

Goal

� Numerical treatment based on polytopic meshes

� The dG method is well-suited to such meshes

UNSTRUCTURED GRID
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State-of-the-art

Minimal bibliography

� [Komatitsch et al., 2000]: Spectral Elements

� [Fischer and Gaul, 2005]: FEM–BEM coupling, Lagrange multipliers

� [Flemisch et al., 2006]: classical FEM on two independent meshes

� [Brunner et al., 2009]: FEM–BEM comparison

� [Barucq et al., 2014]: Fréchet differentiability of the elasto-acoustic field

� [Barucq et al., 2014]: dG on simplices, curved edges on interface

� [Péron, 2014]: asymptotic study, equivalent boundary conditions

� [De Basabe and Sen, 2015]: Spectral Elements and Finite Differences

� [Mönköla, 2016]: Spectral Elements, different formulations

Our contribution

� Well-posedness of the coupled problem in the continuous setting

� Detailed analysis of a dG scheme on general polytopic meshes
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Elasto-acoustic coupling

Governing equations
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ρe :u` 2ρeζ 9u` ρeζ
2u´ divσpuq “ fe in Ωe ˆ p0, T s,

σpuq ´ Cεpuq “ 0 in Ωe ˆ p0, T s,

u “ 0 on ΓeD ˆ p0, T s,

σpuqne“ ´ρa 9ϕne on ΓI ˆ p0, T s,

up0q “ u0, 9up0q “ u1 in Ωe,

c´2 :ϕ´4ϕ “ fa in Ωa ˆ p0, T s,

ϕ “ 0 on ΓaD ˆ p0, T s,

Bϕ{Bna“ ´ 9u¨na on ΓI ˆ p0, T s,

ϕp0q “ ϕ0, 9ϕp0q “ ϕ1 in Ωa

p Acoustic pressure exerted by the fluid onto the elastic body

p The normal component of va “ ´∇ϕ is continuous at ΓI
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Well-posedness

Theorem (Existence and uniqueness)

Under suitable regularity hypotheses on initial data and source terms, there is a unique
strong solution s.t.

u P C2pr0, T s;L2pΩeqq X C
1pr0, T s;H1

DpΩeqq X C
0pr0, T s;H4

C pΩeq XH
1
DpΩeqq,

ϕ P C2pr0, T s;L2pΩaqq X C
1pr0, T s;H1

DpΩaqq X C
0pr0, T s;H4pΩaq XH

1
DpΩaqq

H4
C pΩeq “ tv P L

2pΩeq : divCεpvq P L2pΩequ,

H4pΩaq “ tv P L
2pΩaq : 4v P L2pΩaqu

Proof. Apply Hille–Yosida upon rewriting the system as

dU
dt
ptq `AUptq “ Fptq, t P p0, T s,

Up0q “ U0
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Mesh

Assumptions

� Nonconforming polytopic mesh Th “ T eh Y T ah
� Arbitrary number of faces per element:

piq hκ À
d|κF

5
|

|F |
, piiq

ď

FĂBκ

κF5 Ď κ

� Possible presence of degenerating faces

Consequences

� Discrete trace inequality:

@κ P Th, @v P Pppκq, }v}L2pBκq À ph
´1{2
κ }v}L2pκq

� Approximation results in Pppκq
♣ [Cangiani et al., ’17]

♣ [Antonietti et al., ’17]
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Semi-discrete problem (SIP dG)

V e
h “ tvh P L

2pΩeq : vh|κ P rPpe,κ pκqs
d, pe,κ ě 1 @κ P T eh u,

V ah “
 

ψh P L
2pΩaq : ψh|κ P Ppa,κ pκq, pa,κ ě 1 @κ P T ah

(

Find puh, ϕhq P C
2pr0, T s;V e

h q ˆ C
2pr0, T s;V ah q s.t., for all pvh, ψhq P V

e
h ˆ V

a
h ,

pρe :uhptq,vhqΩe ` pc
´2ρa :ϕhptq, ψhqΩa ` p2ρeζ 9uhptq,vhqΩe ` pρeζ

2uhptq,vhqΩe

`Aehpuhptq,vhq `Aahpϕhptq, ψhq ` Iehp 9ϕhptq,vhq ` Iahp 9uhptq, ψhq

“ pfeptq,vhqΩe ` pρafaptq, ψhqΩa

Aehpu,vq “ pCεhpuq, εhpvqqΩe ´ xttCεhpuquu, rrvssyFe
h

´xrruss, ttCεhpvquuyFe
h
` xηrruss, rrvssyFe

h
@u,v P V e

h ,

Aahpϕ,ψq “ pρa∇hϕ,∇hψqΩa ´ xttρa∇hϕuu, rrψssyFa
h

´ xrrϕss, ttρa∇hψuuyFa
h
` xχrrϕss, rrψssyFa

h
@ϕ,ψ P V ah ,

Iehpψ,vq “ pρaψne,vqΓI
“ xρaψne,vyFh,I @pψ,vq P V ah ˆ V

e
h ,

Iahpv, ψq “ pρav¨na, ψqΓI
“ ´Iehpψ,vq @pv, ψq P V e

h ˆ V
a
h

F. Bonaldi (MOX,Polimi) SIMAI 2018 July 3, 2018 6 / 13



Semi-discrete stability and error estimate

Define the following energy norm for W “ pv, ψq P C1pr0, T s;V e
h q ˆ C

1pr0, T s;V ah q:

}W ptq}2E “ }ρ
1{2
e 9vptq}2Ωe ` }ρ

1{2
e ζvptq}2Ωe ` }vptq}

2
dG,e ` }c

´1ρ
1{2
a

9ψptq}2Ωa ` }ψptq}
2
dG,a

Stability

For sufficiently large stabilization parameters,

}puhptq, ϕhptqq}E À }puhp0q, ϕhp0qq}E `

ż t

0
p}fepτq}Ωe ` }fapτq}Ωa qdτ

Energy-error estimate

Provided pu, ϕq P C2pr0, T s;HmpΩeqq ˆC2pr0, T s;HnpΩaqq, m ě pe ` 1, n ě pa ` 1,

sup
tPr0,T s

}peeptq, eaptqq}E À CupT q
hpe

p
m´3{2
e

` CϕpT q
hpa

p
m´3{2
a

Proof. Properly use discrete trace inequality to bound interface contributions
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Numerical example I

Test case 1

We solve the elasto-acoustic problem on
Ωe Y Ωa, for T “ 1, ∆t “ 10´4, for a
homogeneous isotropic elastic material, s.t.

upx, y; tq“ x2 cosp
?

2πtq cos
´π

2
x
¯

sinpπyq pu,

ϕpx, y; tq“ x2 sinp
?

2πtq sinpπxq sinpπyq,

with pu “ p1, 1q

0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2 0.220.240.26

10-3

10-2

||u-uh||dG,e
|| - h||dG,a
hp

1 1.5 2 2.5 3 3.5 4 4.5 5

10-6

10-5

10-4

10-3

10-2

10-1
||u-uh||dG,e
|| - h||dG,a

}u´ uh}dG,e and }ϕ´ ϕh}dG,a vs. h
(top) and p (bottom) at T “ 1
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Numerical example II

Test case 2 [Mönköla, ’16]

We solve the elasto-acoustic problem on
Ωe Y Ωa, for T “ 0.8, ∆t “ 10´4, for a
homogeneous isotropic elastic material, s.t.

upx, y; tq“

ˆ

cos
´4πx

cp

¯

, cos
´4πx

cs

¯

˙

cosp4πtq,

ϕpx, y; tq“ sinp4πxq sinp4πtq,

cp “

d

λ` 2µ

ρe
, cs “

c

µ

ρe

0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2 0.220.240.26
10-3

10-2

10-1

100 ||u-uh||dG,e
|| - h||dG,a
hp

1 1.5 2 2.5 3 3.5 4 4.5 5

10-5

10-4

10-3

10-2

10-1

100
||u-uh||dG,e
|| - h||dG,a

}u´ uh}dG,e and }ϕ´ ϕh}dG,a vs. h
(top) and p (bottom) at T “ 0.8
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Physical example

t ÞÑ }upx, y; tq}2 and t ÞÑ |ϕpx, y; tq|

Physical example

Point seismic source in the acoustic domain:

fapx, tq “ ´2πα
`

1´ 2παpt´ t0q
2
˘

e´παpt´t0q
2
δpx´ x0q,

x0 P Ωa, t0 P p0, T s,

x0 “ p0.2, 0.5q, t0 “ 0.1
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Conclusions & perspectives

Conclusions

� We proved that the elasto-acoustic problem is well-posed in the continuous setting

� We proved and validated hp-convergence for a dG method on polytopic meshes

� We used the method to simulate an example of physical interest

Perspectives

� Simulating 3D scenarios, using SPEED (http://speed.mox.polimi.it/)

� Considering the case of totally absorbing boundary conditions

� Inferring error estimates for the fully discrete problem

� Enriching the model by considering a viscoelastic material response:

σpupx, tq; tq “ Cpx, 0qεpupx, tqq ´
ż t

0

BC
Bs
px, t´ sqεpupx, sqqds
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Application of Hille–Yosida

Let w “ 9u, φ “ 9ϕ, and U “ pu,w, ϕ, φq. We introduce

H “H1
DpΩeq ˆL

2pΩeq ˆH
1
DpΩaq ˆ L

2pΩaq,

with scalar product

pU1,U2qH “ pρeζ
2u1,u2qΩe ` pCεpu1q, εpu2qqΩe

` pρew1,w2qΩe ` pρa∇ϕ1,∇ϕ2qΩa ` pc
´2ρaφ1, φ2qΩa .

Then, we define the operator A : DpAq Ă HÑ H by

AU “
`

´w, 2ζw ` ζ2u´ ρ´1
e divCεpuq, ´φ, ´c24ϕ

˘

@U P DpAq,

DpAq “
!

U P H : u PH4
C pΩeq, w PH

1
DpΩeq, ϕ P H

4pΩaq, φ P H
1
DpΩaq;

pCεpuq ` ρaφIqne “ 0 on ΓI, p∇ϕ`wq¨na “ 0 on ΓI

)

.

Finally, let F “ p0, ρ´1
e fe, 0, c2faq.

For F P C1pr0, T s;Hq and U0 P DpAq,

find U P C1pr0, T s;HqXC0pr0, T s;DpAqq s.t.

dU
dt
ptq `AUptq “ Fptq, t P p0, T s,

Up0q “ U0.
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