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Motivations

B Earthquake scenarios near coastal environments

B Coupling of elastic and acoustic wave propagation

Requirements on the numerical scheme
B Mesh flexibility
B High-order accuracy

B Suited to HPC techniques

Goal

B Numerical treatment based on polytopic meshes

B The dG method is well-suited to such meshes

Source: https://www.ictsmarhis.com
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State-of-the-art

B [Komatitsch et al., 2000]: Spectral Elements
[Fischer and Gaul, 2005]: FEM—-BEM coupling, Lagrange multipliers
[Flemisch et al., 2006]: classical FEM on two independent meshes
[Brunner et al., 2009]: FEM-BEM comparison
[Barucq et al., 2014]: Fréchet differentiability of the elasto-acoustic field
[Barucq et al., 2014]: dG on simplices, curved edges on interface
[Péron, 2014]: asymptotic study, equivalent boundary conditions
[De Basabe and Sen, 2015]: Spectral Elements and Finite Differences

[Ménkéla, 2016]: Spectral Elements, different formulations

v

Our contribution

B Well-posedness of the coupled problem in the continuous setting

B Detailed analysis of a dG scheme on general polytopic meshes
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Elasto-acoustic coupling
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Governing equations

pett + 2peCtt + peCiu — divo(u) = fe  in Qe x (0,77,

o(u) — Ce(u) =0

u=0

| o(U)Ne = —paPp e

u(0) = ug, u(0) = uq

C_2¢_A‘P=fa
=0

i)
©(0) = wo, $(0) = 1 in Qg
v

in Qe x (0,77,
onI'.p x (0,71,
on I't x (0,71,
in Qe,

in Qa x (0,77,
onI'yp x (0,77,

B Acoustic pressure exerted by the fluid onto the elastic body

B The normal component of v, = —V is continuous at I';
SIMAI 2018 July 3, 2018 3/13



Well-posedness

Theorem (Existence and uniqueness)

Under suitable regularity hypotheses on initial data and source terms, there is a unique
strong solution s.t.

u € 02([07 T]; LQ(QE)) ol Cl([O,T]; HID(Qé)) ol CO([OvT]vHCA(Qf) ol HlD(QP))v
¢ € C%([0, T]; L*(QW)) n CH([0, T]; Hp ()  CO([0, T]; H* () n Hp(Qa))

HE () = {ve L2() : div Ce(v) € L2()},

H”(Q4) = {ve L2(Q) : Ave L2(Q4)}

Proof. Apply Hille=Yosida upon rewriting the system as

%(t) + AU(t) = F(t), te(0,T],

Uu0) = Uy
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Mesh

B Nonconforming polytopic mesh T;, = 7,° U T,

B Arbitrary number of faces per element:

F
(i) he < o |
|F|

G |J " cE

Fcok

B Possible presence of degenerating faces

v

Consequences

B Discrete trace inequality:

Vi€ Th, Yo e Pp(k), IvlL2(om) S PR 10l L2(w)

& [Cangiani et al.,'17]

B Approximation results in &, (k) ) & [Antonietti et al., '17]
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Semi-discrete problem (SIP dG)

Vi = {vn € L*(Qe) : v € [Ppe 1 (0)] % e > 1 Vr e Ty,
V}’(Ll = {wh € LQ(QG) : ¢h|l<e € gzpa,x,(”)a Pa,r =1 Vk € 7—}{1}

Find (un, n) € C2([0,T]; Vi¢) x C2([0,T]; V}2) s.t., for all (vp,vp) € Vi€ x V2,
(petin(t), v, + (€ 2pa®h (t), ¥n)a, + (2peCin (t), vh)a, + (pelPun(t), vr)a,
+A2(uh (t)7 'Uh) + A‘;’L((ph(t), ¢h) + I}i(¢hﬁ’)s 'vh) + I)(LL (i"h,(t)v wh,)
= (fe(t),vn)a. + (Pafa(t), ¥n)a,

Aj(w,v) = (Cen(u),en(v))a. — {Cen(w)}, [vD) Fe
—[ul {Cern ()P e + nlul, [vD]) 7 Vu,v € V7,
Ay (0,9) = (Pa Ve, Vi), — {paVae}, [WD 7o
— el Apa Vit Pz + G Lol WD e Vo, e Vi,
T5, (6, v) = (patone, v)r, = (patbme, v) 7, | V(v v) € Vit x Vi,

Iy (v,4) = (pav ma, ¥)r; = —Ij, (¥, v) V(v,9) € Vi x Vi
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Semi-discrete stability and error estimate

Define the following energy norm for W = (v,4) € C1([0,T]; Vi¢) x C*([0,T]; V2):
12 . 1/ 1 12
IW®I2 = o> o@)[3, + o *Co®) B, + 0136, + I pd* B3, + 10 3¢,

For sufficiently large stabilization parameters,

I(un (@), en()le s [(wr(0), ¥r(0)]e + J:(”.fe(T)HQe + [ fa(D)lle,) dr

v

Energy-error estimate

Provided (u, ) € C2([0,T]; H™(Qe)) x C2([0,T]; H*(Q0)), m = pe + 1, n = pa + 1,

hPe hPa
sup |[(ee(t), ea(®))le S Cu(T)— =5 + Cp(T)

te[0,T]

m—3/2
a

Proof. Properly use discrete trace inequality to bound interface contributions

Do
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Numerical example |

—o—llu-uyllyg o L

—o—llg-6 1y P

- hP o
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Test case 1 STTT

—O—IIoth 8
We solve the elasto-acoustic problem on -
Qe U Qq, for T =1, At = 1074, for a
homogeneous isotropic elastic material, s.t.

w(z,y;t) = z2 cos(v/2xt) cos (gac> sin(my) a,

o(z,y; t) = 2 sin(v/2nt) sin(rz) sin(my),

h 15 2 25 3 35 0 a5

with @ = (1,1)

4 Hu —up HdGA,e and ”‘P - Qoh”dG,a vs. h
(top) and p (bottom) at T' =1
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Numerical example |l

Test case 2 [Mdnkala, '16]

We solve the elasto-acoustic problem on
Qe U Qq, for T = 0.8, At = 1074, for a
homogeneous isotropic elastic material, s.t.

(e 0) = (cos (222, cos (7)) costam,

P s
w(z,y; t) = sin(4nzx) sin(4rt),

)\+2u .
=4 5 = /

y

SIMAI 2018
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H’LL — up HdG?e and ”W — Ph ”dG,a vs. h
(top) and p (bottom) at T' = 0.8
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Physical example

L |u(z,y;t)|2 and t — [p(z,y;t)]

Physical example -

Point seismic source in the acoustic domain: -

Ja(z,t) = =27 (1 — 27mar(t — t0)2) e_"a(t_t°)26(w —x0),
xo € Qq, to € (O,T]7
xo = (0.2,0.5), to=0.1
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Conclusions & perspectives

Conclusions

B We proved that the elasto-acoustic problem is well-posed in the continuous setting
B We proved and validated hp-convergence for a dG method on polytopic meshes

B We used the method to simulate an example of physical interest

4

B Simulating 3D scenarios, using SPEED (http://speed.mox.polimi.it/)

B Considering the case of totally absorbing boundary conditions
B Inferring error estimates for the fully discrete problem

B Enriching the model by considering a viscoelastic material response:

t oC
o(u(x,t);t) = C(x,0)e(u(x,t)) — J;) E(%t — s)e(u(z, s))ds
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Application of Hille-Yosida

Let w =4, ¢ = ¢, and U = (u,w, ¢, ¢). We introduce

H=HL(Q) x L?(Qe) x H5(Qa) x L*(Q),
with scalar product

(Us, Uz)ss = (peCPur, uz)q, + (Ce(ur), e(uz))g,

+ (pewi, w2)a, + (pa V1, Va)a, + (¢ 2pad1, d2)a, -
Then, we define the operator A: D(A) ¢ H — H by

AU = (—w, 26w + Pu — p; ' divCe(u), —¢, —c2Ap) VU € D(A),
D(A) = {u €H:ue HE(Q), we HH(Q), v e H>(Q), ¢ € Hb(Q);

(Ce(u) + papI)me =0o0n Ty, (Ve +w)mng=0on FI}.
Finally, let 7 = (0, pg ' fe,0, 2 fa).

For F € C1([0,T];H) and Up € D(A),
find U € C1([0, T]; H)~C°([0,T]; D(A)) s.t.

du
SO+ AU = F@), te0.T],
U(0) = Up.
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