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Motivations

� Let Ω Ă R2 be an open, bounded, connected polygonal 2D domain

K–L clamped plate bending problem

For f P L2pΩq, find u P H2
0pΩq such that

pA∇2u,∇2vq “ pf, vq, @v P H2
0pΩq

� A conforming discretization is computationally expensive (C1 elements)

� HCT energy-error estimate [Ciarlet, 1974]: provided u P H4pΩq,

}u´ uh}H2pΩq ď Ch
2|u|H4pΩq

ó
� Goal: devising a new nonconforming numerical scheme, so as to improve

the computational cost of the method
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Key ideas for HHO

� Discrete unknowns
Polynomials of order k ě 1 on mesh cells and faces
Cell-based unknowns can be eliminated by static condensation

� Building principles
Reconstruction operator based on local primal Neumann problems
Face-based penalty linking cell- and face-based unknowns

� Main benefits
Capability of handling general polygonal meshes
High-order method: energy-error estimate of order pk` 1q and
L2-error estimate of order pk` 3q for smooth solutions
Reproduction of key continuous mechanical properties at the discrete
level
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Mesh

Mesh regularity

We consider a sequence pThqhPH s.t.,
for all h P H, Th admits a simplicial
submesh Th, and pThqhPH is

� shape-regular in the usual sense of
Ciarlet

� contact-regular, i.e., every simplex
S Ă T is s.t. hS « hT

Consequences [Di Pietro & Ern, 2012;
Di Pietro & Droniou, 2017]:

� L2-trace and inverse inequalities

� Approximation for broken
polynomial spaces

Hypothesis: the material tensor field A
is element-wise constant; we set

AT – A|T @T P Th

6 Daniele A. Di Pietro and Roberta Tittarelli

F ⇢ ∂T1 \∂T2 and F is called an interface or there exists one mesh element T 2Th
such that F ⇢ ∂T \ ∂W and F is called a boundary face; (b) the set of faces is a
partition of the mesh skeleton, i.e.,

S
T2Th

∂T =
S

F2Fh
F .

Interfaces are collected in the set F i
h and boundary faces in F b

h , so that Fh =
F i

h [F b
h . For any mesh element T 2 Th,

FT := {F 2 Fh | F ⇢ ∂T}

denotes the set of faces contained in ∂T . Similarly, for any mesh face F 2 Fh,

TF := {T 2 Th | F ⇢ ∂T}

is the set of mesh elements sharing F . Finally, for all F 2FT , nT F is the unit normal
vector to F pointing out of T .

Fig. 2: Treatment of a nonconforming junction (red) as multiple coplanar faces.
Gray elements are pentagons with two coplanar faces, white elements are squares.

Remark 1 (Nonconforming junctions). Meshes including nonconforming junctions
such as the one depicted in Fig. 2 are naturally supported provided that each face
containing hanging nodes is treated as multiple coplanar faces.

2.2 Regular mesh sequences

When studying the convergence of HHO methods with respect to the meshsize h,
one needs to make assumptions on how the mesh is refined. The ones provided here
are closely inspired by [26, Chapter 1], and refer to the case of isotropic meshes
with non-degenerate faces. Isotropic means here that we do not consider the case
of elements that become more and more stretched when refining. Non-degenerate
faces means, on the other hand, that the diameter of each mesh face is uniformly
comparable to that of the element(s) it belongs to; see (2) below.
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Projectors on local polynomial spaces

� The L2-orthogonal projector π`X : L
2pXq Ñ P`pXq is s.t.

pπ`Xv´ v,wqX “ 0 @w P P`pXq

� The local energy projector $`T : H
2pTq Ñ P`pTq, for ` ě 2, is s.t.

`
AT∇2p$`Tv´ vq,∇2w

˘
T
“ 0 @w P P`pTq,

π1
T p$

`
Tv´ vq “ 0

� Both projectors have optimal approximation properties in HspTq

Theorem (Optimal approximation properties of $`T )

There is C ą 0 independent of h, but possibly depending on A,
s.t., for all T P Th, all s P t2, . . . , `` 1u, and all v P HspTq,

|v´$`Tv|HmpTq ď Ch
s´m
T |v|HspTq @m P t0, . . . , s´ 1u,

|v´$`Tv|HmpBTq ď Ch
s´m´1{2

T |v|HspTq @m P t0, . . . , s´ 1u.
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Local unknowns and interpolation

Figure: UkT for k P t1, 2u

� For k ě 1, and T P Th, we define the local space of discrete unknowns

UkT – PkpTq ˆ

˜ą

FPFT

PkpFq2
¸
ˆ

˜ą

FPFT

PkpFq

¸

� The local interpolator IkT : H2pTq Ñ UkT is s.t.

IkTv – pπkTv, pπ
k
F

`
p∇vq|Fq

˘
FPFT

, pπkFpv|FqqFPFT
q
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Local deflection reconstruction I

� We define the local deflection reconstruction pk`2
T : UkT Ñ Pk`2pTq s.t.

pAT∇2pk`2
T vT ,∇2wqT “pAT∇2vT ,∇2wqT

`
ÿ

FPFT

`
v∇,F ´∇vT , pAT∇2wqnTF

˘
F

´
ÿ

FPFT

`
vF ´ vT ,divAT∇2w ¨ nTF

˘
F

for all w P Pk`2pTq

, with closure condition

π1
T pp

k`2
T vT ´ vT q “ 0

� An integration by parts on the first term on the right-hand side yields

pAT∇2pk`2
T vT ,∇2wqT “ pvT ,divdivAT∇2wqT

`
ÿ

FPFT

`
v∇,F, pAT∇2wqnTF

˘
F

´
ÿ

FPFT

`
vF,divAT∇2w ¨ nTF

˘
F
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Local deflection reconstruction II

� By the definition of IkT it holds, for all v P H2pTq and all w P Pk`2pTq,

pAT∇2pk`2
T IkTv,∇2wqT “pπ

k
Tv,divdivAT∇2wqT

`
ÿ

FPFT

`
πkFp∇vq, pAT∇2wqnTF

˘
F

´
ÿ

FPFT

`
πkFv,divAT∇2w ¨ nTF

˘
F

� As a result, for v P H2pTq,
`
AT∇2ppk`2

T IkTv´ vq,∇2w
˘
T
“ 0 @w P Pk`2pTq,

π1
T pp

k`2
T IkTv´ vq “ 0

ó
pk`2
T ˝ IkT “ $

k`2
T

� Thus, pk`2
T ˝ IkT has optimal Hs-approximation properties
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Global problem I

� For all T P Th, we define the local bilinear form aT : U
k
T ˆ UkT Ñ R by

aT puT , vT q – pAT∇2pk`2
T uT ,∇2pk`2

T vT qT ` sT puT , vT q

� The stabilization term sT : U
k
T ˆ UkT Ñ R is s.t.

sT puT , vT q –
A`T
h4
T

´
πkT pp

k`2
T uT ´ uT q,π

k
T pp

k`2
T vT ´ vT q

¯
T

`
A`T
hT

ÿ

FPFT

´
πkFp∇pk`2

T uT ´ u∇,Fq,π
k
Fp∇pk`2

T vT ´ v∇,Fq

¯
F

`
A`T
h3
T

ÿ

FPFT

´
πkFpp

k`2
T uT ´ uFq,π

k
Fpp

k`2
T vT ´ vFq

¯
F

� Polynomial consistency: since pk`2
T IkTv “ $

k`2
T v “ v for all v P Pk`2pTq,

sT pI
k
Tv, wT q “ 0 @wT P U

k
T
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sT pI
k
Tv, wT q “ 0 @wT P U

k
T
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Global problem I
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Global problem II

� Define the following global space with single-valued interface unknowns:

Ukh –

˜ą

TPTh

PkpTq

¸
ˆ

˜ą

FPFh

PkpFq2
¸
ˆ

˜ą

FPFh

PkpFq

¸

� A global bilinear form is assembled element-wise:

ahpuh, vhq –
ÿ

TPTh

aT puT , vT q

Discrete problem

Find uh P U
k
h,0 – tvh P U

k
h : vF “ 0, v∇,F “ 0 for any F P Fb

hu s.t.

ahpuh, vhq “ pf, vhq

with vh|T “ vT for all T P Th

F. Bonaldi MOX NuMeth Seminar November 16, 2017 13 / 24



Global problem II

� Define the following global space with single-valued interface unknowns:

Ukh –

˜ą

TPTh

PkpTq

¸
ˆ

˜ą

FPFh

PkpFq2
¸
ˆ

˜ą

FPFh

PkpFq

¸

� A global bilinear form is assembled element-wise:

ahpuh, vhq –
ÿ

TPTh

aT puT , vT q

Discrete problem

Find uh P U
k
h,0 – tvh P U

k
h : vF “ 0, v∇,F “ 0 for any F P Fb

hu s.t.

ahpuh, vhq “ pf, vhq

with vh|T “ vT for all T P Th

F. Bonaldi MOX NuMeth Seminar November 16, 2017 13 / 24



Global problem II

� Define the following global space with single-valued interface unknowns:

Ukh –

˜ą

TPTh

PkpTq

¸
ˆ

˜ą

FPFh

PkpFq2
¸
ˆ

˜ą

FPFh

PkpFq

¸

� A global bilinear form is assembled element-wise:

ahpuh, vhq –
ÿ

TPTh

aT puT , vT q

Discrete problem

Find uh P U
k
h,0 – tvh P U

k
h : vF “ 0, v∇,F “ 0 for any F P Fb

hu s.t.

ahpuh, vhq “ pf, vhq

with vh|T “ vT for all T P Th

F. Bonaldi MOX NuMeth Seminar November 16, 2017 13 / 24



Global problem III

� Define on Ukh,0 the following norm

}vh}A,h –
ÿ

TPTh

˜
}A1{2

T ∇2vT }
2
T `

A`T
hT

ÿ

FPFT

}v∇,F ´∇vT }2F

`
A`T
h3
T

ÿ

FPFT

}vF ´ vT }
2
F

¸1{2

� The global bilinear form ah is coercive and bounded:

}vh}
2
A,h À ahpvh, vhq À }vh}

2
A,h @vh P U

k
h,0

� The global bilinear form ah is consistent: for all v P Hk`3pΩq XH2
0pΩq,

sup
whPU

k
h,0zt0hu

pdivdivA∇2v,whq ´ ahpI
k
hv, whq

}wh}A,h
À hk`1|v|Hk`3pΩq
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Energy-error estimate

� Define the global deflection reconstruction pk`2
h : Ukh Ñ L2pΩq s.t., for all

vh P U
k
h,

ppk`2
h vhq|T “ p

k`2
T vT @T P Th

� Define the following stabilization seminorm on Ukh

|vh|
2
s,h –

ÿ

TPTh

sT pvT , vT q

Theorem (Energy-error estimate)

Let u P H2
0pΩq and uh P U

k
h,0. Assume the additional regularity u P Hk`3pΩq.

Then, there is C ą 0 depending on A, but independent of h, s.t.

}A1{2∇2
hpp

k`2
h uh ´ uq} ` |uh|s,h ď Ch

k`1|u|Hk`3pΩq.

� Choosing k “ 1 we recover the HCT error estimate
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L2-error estimate

� To infer a sharp L2-error estimate, we assume biharmonic regularity:

For all q P L2pΩq, the solution z P H2
0pΩq to

pA∇2z,∇2vq “ pq, vq @v P H2
0pΩq

satisfies the a priori estimate

}z}H4pΩq ď Cbihar}q},

with Cbihar ą 0 only depending on Ω

Theorem (L2-error estimate)

Let u P H2
0pΩq and uh P U

k
h,0. Assume biharmonic regularity, f P Hk`1pThq, and

u P Hk`3pΩq. Then, there is C ą 0 depending on A, but independent of h, s.t.

}pk`2
h uh ´ u} ď Ch

k`3
`
}u}Hk`3pΩq ` }f}Hk`1pThq

˘
.
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Numerical examples I

� We solve the biharmonic equation on Ω “ p0, 1q ˆ p0, 1q, for

upx,yq “ x2p1´ xq2y2p1´ yq2

(a) (b) (c)

Figure 1: Triangular (a), cartesian (b) and hexagonal (c) meshes
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Figure 2: }puh ´ uh}a,h vs. h for three different meshes
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Figure: Energy error vs. meshsize for three different meshes
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Numerical examples II

� We solve the biharmonic equation on Ω “ p0, 1q ˆ p0, 1q, for

upx,yq “ x2p1´ xq2y2p1´ yq2

(a) (b) (c)

Figure 1: Triangular (a), cartesian (b) and hexagonal (c) meshes
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Figure: L2-error vs. meshsize for three different meshes
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Discrete PVW & Laws of action-reaction I

� Let T P Th be fixed, and MT – ´AT∇2u

� At the continuous level

The principle of virtual work holds:

For all v P PkpTq,

´pMT ,∇2vqT `
ÿ

FPFT

pMTnTF,∇vqF ´
ÿ

FPFT

pdivMT ¨nTF, vqF “ pf, vqT

The following laws of action-reaction hold, for F P FT1 X FT2 :

MT1nT1F `MT2nT2F “ 0, divMT1 ¨ nT1F ` divMT2 ¨ nT2F “ 0

� The solution to the discrete problem satisfies discrete counterparts of the
above statements
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Discrete PVW & Laws of action-reaction II

� Define the space

DkBT –

¨
˝ ą

FPFT

PkpFq2
˛
‚ˆ

¨
˝ ą

FPFT

PkpFq

˛
‚

and the boundary difference operator δkBT : U
k
T Ñ DkBT s.t., for all vT P UkT ,

δkBT vT ”
´
pδk∇,FvT qFPFT

, pδkFvT qFPFT

¯

–
`
pv∇,F ´∇vT qFPFT

, pvF ´ vT qFPFT

˘

� Define now the residual operator

RkBT ”
´
pRk∇,FqFPFT

, pRkFqFPFT

¯
: UkT Ñ DkBT

s.t., for all vT P UkT and all αBT ” ppα∇,FqFPFT
, pαFqFPFT

q P DkBT ,

pRkBT vT ,αBT q0,BT ”
ÿ

FPFT

´
pRk∇,FvT ,α∇,FqF ` pR

k
FvT ,αFqF

¯

“ sT pp0,δ
k
BT vT q, p0,αBT qq
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Discrete PVW & Laws of action-reaction III

Lemma (Local principle of virtual work and laws of action-reaction)

Let uh P U
k
h,0 be the unique solution to the discrete problem and, for all T P Th

and all F P FT , define the discrete moment and shear force

Mk
TFpuT q – ´

`
pA∇2pk`2

T uT qnTF ` R
k
∇,FuT

˘
,

SkTFpuT q – ´divA∇2pk`2
T uT ¨ nTF ` R

k
FuT .

Then, the following discrete counterparts of PVW and laws of action-reaction
hold, respectively:

For any mesh element T P Th, and for all vT P PkpTq,

pAT∇2pk`2
T uT , vT qT `

ÿ

FPFT

pMk
TFpuT q,∇vT qF ´

ÿ

FPFT

pSkTFpuT q, vT qF “ pf, vT qT ;

For any interface F P FT1 X FT2 ,

Mk
T1F
puT1q `Mk

T2F
puT2q “ 0, SkT1FpuT1q ` SkT2FpuT2q “ 0.
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Conclusions & perspectives

Conclusions

� We presented a new nonconforming method based on a primal formulation

� Choosing k “ 1 is enough to get a quadratic energy error and a quartic L2-error

� Mechanical equilibrium principles are reproduced at the discrete level

Perspectives

� Consider the case of simply supported plates:

u “ 0 and pA∇2uqn ¨n “ 0 on BΩ

� Consider a variant based on a dual formulation

� Couple the method with a time discretization to treat dynamics of plates
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