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Motivations

B Let Q c R? be an open, bounded, connected polygonal 2D domain

K-L clamped plate bending problem

For f € L2(Q), find uwe H3(Q) such that
(AV2u, V&) = (f,v), Vv e H3(Q)
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Motivations

B Let Q c R? be an open, bounded, connected polygonal 2D domain

K-L clamped plate bending problem

For f € L2(Q), find uwe H3(Q) such that
(AV2u, V&) = (f,v), Vv e H3(Q)

B A conforming discretization is computationally expensive (C! elements)

B HCT energy-error estimate [Ciarlet, 1974]: provided u € H*(Q),

It = unf 20y < Ch?ulhaa)

I

B Goal: devising a new nonconforming numerical scheme, so as to improve
the computational cost of the method
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@ Key ideas for HHO

MOX NuMeth Seminar November 16, 2017 3/24



Key ideas for HHO

B Discrete unknowns

o Polynomials of order k > 1 on mesh cells and faces
o Cell-based unknowns can be eliminated by static condensation

B Building principles
o Reconstruction operator based on local primal Neumann problems
o Face-based penalty linking cell- and face-based unknowns

B Main benefits
o Capability of handling general polygonal meshes
o High-order method: energy-error estimate of order (k + 1) and
L2-error estimate of order (k + 3) for smooth solutions
o Reproduction of key continuous mechanical properties at the discrete
level
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@ Discrete setting
0 Mesh
O Projectors on local polynomial spaces
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Mesh

Mesh regularity

We consider a sequence (Th)nes S-t.,
for all h € H, T}, admits a simplicial
submesh %y, and (Th )nesc is

B shape-regular in the usual sense of /- \

Ciarlet /

B contact-regular, i.e., every simplex
ScTiss.t. hg ~ hy

e
—
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Mesh

We consider a sequence (Th)nes S-t.,
for all h € H, T}, admits a simplicial
submesh Ty, and (Th)nesc is

B shape-regular in the usual sense of /- \

Ciarlet /

B contact-regular, i.e., every simplex
ScTiss.t. hg ~ hy

Consequences [Di Pietro & Ern, 2012;
Di Pietro & Droniou, 2017]: \

N
. . . N
B [%-trace and inverse inequalities = \/

B Approximation for broken
polynomial spaces

e
—

Hypothesis: the material tensor field A
is element-wise constant; we set

AT = A\T VT e Th
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Projectors on local polynomial spaces

B The L2-orthogonal projector 7% : L2(X) — PY(X) is s.t.

(v —v,w)x =0 Ywe PY{X)
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Projectors on local polynomial spaces

B The L2-orthogonal projector 7% : L2(X) — PY(X) is s.t.
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Projectors on local polynomial spaces

B The L2-orthogonal projector 7% : L2(X) — PY(X) is s.t.
(v —v,w)x =0 VYwePYX)
B The local energy projector @%: H2(T) — PY(T), for { > 2, is s.t.

(ArV2(@5v—v), V?w), =0 YwePYT),
m(@v—v) =0

B Both projectors have optimal approximation properties in H*(T)

Theorem (Optimal approximation properties of @%)

There is C > 0 independent of h, but possibly depending on A,
s.t., forall Te Ty, all se {2,...,£+ 1}, and all ve H*(T),

|V—G)%—V|Hm(1-) < ChST_m|V|Hs(T) Yme {0,...,5— 1},

|V — G)%—V|Hm(aT) < Ch-sr_m_l/z |V|H5(T) Ym e {0, coogS = 1}.
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@ The HHO method
0 Local unknowns and interpolation
0 Local deflection reconstruction
O Global problem
O Error estimates
© Numerical examples
O Discrete PVW & Laws of action-reaction
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Local unknowns and interpolation

B0

Figure: UX for k € {1,2}

B For k> 1, and T € 7},, we define the local space of discrete unknowns

Uk = P*(T) x ( X IP’k(F)2> X ( X Pk(F)>

Fegr FeFr
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Local unknowns and interpolation

k=1 k=2

Figure: UX for k € {1,2}

B For k> 1, and T € 7},, we define the local space of discrete unknowns

Uk = P*(T) x ( X IP’k(F)2> X ( X Pk(F)>

FeFT FeFr

B The local interpolator 1¥: HX(T) — UX is s.t.

v = (v, (7 ((VV)IF)) e, o (708 (VIF)rery )

MOX NuMeth Seminar November 16, 2017 9 / 24



Local deflection reconstruction |

B We define the local deflection reconstruction pX*2: U%¥ — P*+2(T) s.t.

(ATV2p$+2yT, V2W)T = (ATVZVT, V2W)T
+ Z (VV,F — VVT, (ATV2W)TIT]:)F

Fegr
— Z (V}: — VT, divATvzw . TIT]:)F
FeFr
for all w e P*+2(T)
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Local deflection reconstruction |

B We define the local deflection reconstruction pX*2: U%¥ — P*+2(T) s.t.

(ATV2P$+2!T, V2W)T = (ATVZVT, VZW)T
+ Z (VV,F — VVT, (ATV2W)TIT]:)F

Fegr
—_ Z (V}: — VT, diVATV2W . TlT]:)F
FeFr

for all w € P**2(T), with closure condition

(P vy —vr) =0

B An integration by parts on the first term on the right-hand side yields
(AT V2pET2yvy, V2w) 1 = (vr, div div AT V2w) ¢
+ Z (VV’]:, (ATVQW)TI,T]:)F

Fedr

— Z (V]:, diVATVZW 'nT}:)F
FeFr
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Local deflection reconstruction Il

B By the definition of IX it holds, for all v e H2(T) and all w e P**+2(T),
(AT V252, V2w) 1 = (v, div div AT VZw) ¢

+ ) (YY), (AT VPw)nre),

FeTFr

= > (v, divAT VAW nre),

FeFr
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Local deflection reconstruction Il

B By the definition of I¥ it holds, for all v e H*(T) and all w e P*+2(T),

(ArV2ph2ky, V2w)r = (%v divdivATV?w)r
+ Z (WE(V\)), (ATV2W)TITF)F

FeFr

- Z (v, divATVPw - npg)

FeFr
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Local deflection reconstruction Il

B By the definition of I¥ it holds, for all v e H?(T) and all w e P**+2(T),

(ArV2ph2hy, V2w)r = }1}(\1 divdivArV?w)r
+ Z 7‘( ATV2 )nTF)F
FeFr

— Z (7'[];\), div ATVZW . nTF)F

Fedrt
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Local deflection reconstruction Il

B By the definition of I¥ it holds, for all v e H?(T) and all w e P**+2(T),

(ArV2ph2hy, V2w)r = }1}(\1 divdivArV?w)r

+ Z 7‘( ATV2 )TlT]:)F

FeFr
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Local deflection reconstruction Il

B By the definition of I¥ it holds, for all v e H?(T) and all w e P**+2(T),

(ArV2ph2hy, V2w)r = }1}(\1 divdivArV?w)r

+ Z ?X ATV2 )TlT]:)F

FeFr

— Z (}'Y‘F(V, diVATV2W . TIT]:)F

Fedrt

S (ATVQV, VZW)T

B As a result, for ve H(T),
(AP (5 ), W)y =0 e BAT)

T (py v —v) =0
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Local deflection reconstruction Il

B By the definition of I¥ it holds, for all v e H?(T) and all w e P**+2(T),
(ArV2ph2hy, V2w)r = }1}(\1 divdivArV?w)r

+ Z ?X ATV2 )TlT]:)F

FeFr
— Z (}'Y‘F(V, diVATV2W . TIT]:)F
Fedrt

= (ATV?, Vw)T
B As a result, for ve H(T),
(A 5y ), Fw), =0 e PA(T)
(P v —v) = 0

U

k42 1k k42
’PT oly = @1 ‘

H Thus, pk+2 o I¥ has optimal H*-approximation properties
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Global problem |

B For all T € T}, we define the local bilinear form a: Q}F X Q# — R by

‘ at(uy,vy) = (ATV2P$+ZHT, V2‘P'T(+2¥T)T +st(ur, vr)
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Global problem |

B For all T € T}, we define the local bilinear form a: Q-‘F X Q# — R by

‘aT(HT'!T) = (AT V2 Pur, V2§ vy )1 + st(ur, vy) ‘

B The stabilization term st: Q# X Q-]F — R is s.t.

A+
st(ur.vy) = T (WP ey —un) mERF v —vr)

LY (RIS Py — o), (TP Py — o) )
]

A
+ 503 (RE@s Py — ), TR — )
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Global problem |

B For all T € T}, we define the local bilinear form a: Q-‘F X Q# — R by

‘aT(HT'!T) = (AT V2 Pur, V2§ vy )1 + st(ur, vy) ‘

B The stabilization term st: Q# X Q-]F — R is s.t.

+

A
sr(urvr) = (0 (7F 0 Pur — ), W 0F Py —vi))

A
hT Z (nF (VP 2ur — uvp), T (Vpy vy — vy, F))
T regq F

A
+ o Y (Y Rur — ), T Py —ve))

B Polynomial consistency: since pk™2I¥v = @X*?y = v for all v e P*2(T),

ST(l'Ik’V'WT) =0 Vwre Q#
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Global problem I

B Define the following global space with single-valued interface unknowns:

U = ( X IEDk(T)> x ( X IP’"(F)2> x ( X IEDk(F)>
TeTh Fedyn FeTy
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Global problem I

B Define the following global space with single-valued interface unknowns:

Ur = ( X PK(T)> x ( X JP’k(F)2> x ( X P"(F)>

B A global bilinear form is assembled element-wise:

an(up,vy) = Y, ar(ur,vy)
TeTh
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Global problem I

B Define the following global space with single-valued interface unknowns:

Ur = ( X PK(T)> x ( X JP’k(F)2> x ( X P"(F)>

B A global bilinear form is assembled element-wise:

an(up,vy) = Y, ar(ur,vy)
TeTh

Discrete problem

Find up, € Uy o = {v, e US 1 vi =0, vy r = 0 for any Fe 38} s.t.

[an(un,vn) = (f.vn) |

with vip1 = vy forall Te Ty,
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Global problem IlI

B Define on U5, ; the following norm

A+
Ivnllan = D] ('A}IZZVzVT?F + }TT D) Iver — Ve
TeTh T FeFq

AF ”
+h7; » |VF—VT%>
3

FeTr
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Global problem IlI

B Define on U5, ; the following norm

A+
Ivnllan = Y, (AIT/ZV%T% + }TT D) Iver — Vil
TeTh T FeFq

AF ”
+h7; >, |VFVT12E>
3

FeTr

B The global bilinear form ay, is coercive and bounded:

HMth&,h < an(Vh, vp) < HMth&,h Vv, € Qh,o
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Global problem IlI

B Define on U5, ; the following norm

A+
vnlen = (A#/szw%hi 2 Iver = Vel

TeTh FeFr

AF ”
+h7; >, |VFVT12E>
3

FeTr

B The global bilinear form ay, is coercive and bounded:

HMthA,h < an(Vh, vp) < HMhHix,h Vv, € Qh,o

B The global bilinear form ay, is consistent: for all v e H**3(Q) n H3(Q),

sup (div div AV?v, wy,) — an (IFv, wy,)
u

S hk+1|V|Hk+3 Q
wr UK o\{0n } lw [la.n )
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Energy-error estimate

B Define the global deflection reconstruction pit?: UX — 12(Q) s.t., for all

Vh Ellﬁ,
(P v =pr vy VTeTy

B Define the following stabilization seminorm on U}

‘!h‘ih = Z st(vr vr)
TeTh

Theorem (Energy-error estimate)

Let u e H3(Q) and uy, € Uf ;. Assume the additional regularity u e H**3(Q).
Then, there is C > 0 depending on A, but independent of h, s.t.

”AI/ZV%(‘PEHHh — W[ + Juplsn < Chk+1|U|H‘<+3(Q)'
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Energy-error estimate

B Define the global deflection reconstruction pit?: UX — 12(Q) s.t., for all

Vh Ellﬁ,
(P v =pr vy VTeTy

B Define the following stabilization seminorm on U}

‘!h‘ih = Z st(vr vr)
TeTh

Theorem (Energy-error estimate)

Let u e H3(Q) and uy, € Uf ;. Assume the additional regularity u e H**3(Q).
Then, there is C > 0 depending on A, but independent of h, s.t.

”AI/ZV%(‘PEHHh — W[ + Juplsn < Chk+1|U|H‘<+3(Q)'

B Choosing k = 1 we recover the HCT error estimate
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[2-error estimate

B To infer a sharp L-error estimate, we assume biharmonic regularity:

For all g € L?(Q), the solution z € H2(Q) to
(AV?2, V) = (q,v)  WweH3(Q)

satisfies the a priori estimate

Izl 0y < Coinarllq

with Cpinar > 0 only depending on Q
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[2-error estimate

B To infer a sharp L-error estimate, we assume biharmonic regularity:

For all g € L?(Q), the solution z € H2(Q) to
(AV?2, V) = (q,v)  WweH3(Q)

satisfies the a priori estimate

Izl 0y < Coinarllq

with Cpinar > 0 only depending on Q

Theorem (L%-error estimate)

Let u e H3(Q) and uy, € UfS ;. Assume biharmonic regularity, f € H*"!(7},), and
u e H**3(Q). Then, there is C > 0 depending on A, but independent of h, s.t.

Ipx+2u, — uf < Ch**3 (Iwlhax+3 oy + Hf”HkH(Th)) .
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Numerical examples |

B We solve the biharmonic equation on Q = (0,1) x (0, 1), for
u(x,y) =x*(1—x)*y*(1 —y)?

4 100 E 1 E|
. . . ] . . . .

10723 102 1012 10-2° 102 1012 102 1012

(a) Triangular (b) Cartesian (c) Hexagonal

Figure: Energy error vs. meshsize for three different meshes
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Numerical examples |l

B We solve the biharmonic equation on Q = (0,1) x (0, 1), for
u(x,y) =x*(1—x)*y*(1 —y)?

N
AN

. S Ty . . 4 ol . .
10725 102 10719 10725 1072 10719 1072 10712

(a) Triangular (b) Cartesian (c) Hexagonal

Figure: L2-error vs. meshsize for three different meshes
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Discrete PVW & Laws of action-reaction |

B Let T € T}, be fixed, and Mt :== —A7TV?u
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Discrete PVW & Laws of action-reaction |

B Let Te T} be fixed, and Mt = —ATV2u
B At the continuous level

o The principle of virtual work holds:
For all v e PX(T),
*(MT, V2V)T +Z (MTTIT]:, VV)F 72 (le MT . TIT]:,V)]: = (f,V)T

FeJr Fedr

o The following laws of action-reaction hold, for F € I, n Jy,:

MTlnTlF + MTZnT2F =0, div TV[T1 ‘nrr+ div TV[T2 ‘N = 0
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Discrete PVW & Laws of action-reaction |

B Let T € T}, be fixed, and Mt :== —A7TV?u
B At the continuous level
o The principle of virtual work holds:
For all v e PX(T),
—(M1, V)1 +). (Mnrs, V) — Y (div My -npe, v)r = (f,v)7

FeJr Fedr

o The following laws of action-reaction hold, for F € I, n Jy,:

MTlnTlF + MTZnT2F =0, div TV[T1 ‘nrr+ div TV[T2 ‘N = 0

B The solution to the discrete problem satisfies discrete counterparts of the
above statements

MOX NuMeth Seminar November 16, 2017 19 / 24



Discrete PVW & Laws of action-reaction |l

Dy = ( X lP’k(F)2> x ( X ]P"‘(F))
FedT Fedr

and the boundary difference operator §5T5 Q-‘F — D?T s.t., for all vy € Q’f,

B Define the space

QSTMT = ((sé,FMT)FEEFT , (6]]§¥T)FE?T)

= ((vwo,F — VVT)rerr. (VF — VT)regy )
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Discrete PVW & Laws of action-reaction |l

B Define the space
Dfy = ( X Pk(F)2> x ( X Pk(ﬂ)
Fedr Fedt
and the boundary difference operator QS—,—: Q-‘F — D](‘}(T s.t., for all vy € Q’f,
8&pvr = ((51%,FMT)Fe'fT ' (5]]§!T)FE?T>

= ((vwo,F — VVT)rerr. (VF — VT)regy )

B Define now the residual operator
R = <(R%,F)F€TT1 (RE)FETT) : Uk — D;
s.t., for all vy € UX and all a57 = (v F)resr (OF)Fesr) € DXy,
(RErvr, &o1)0.01 = Z <(R‘%,FMT, av £)F + (REvy, “F)F)

Fedr

=s7((0, 85pvr), (0, &)
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Discrete PVW & Laws of action-reaction Il

Lemma (Local principle of virtual work and laws of action-reaction)

Let uy, € Uf , be the unique solution to the discrete problem and, for all T € T,
and all F € I, define the discrete moment and shear force

Mir(ur) = —((AVZpF2ur)nre + RS pur),

8% (ur) = — divAV?*pX 2ur - nrr + REur.

Then, the following discrete counterparts of PVW and laws of action-reaction
hold, respectively:

For any mesh element T € Ty, and for all v € P*(T),

(ArV2pTur, vr)7 +Z M (ur), VVvr)r _Z(S]?F(HT)NT)F = (f.vr)n

FeF 1 FeFr

For any interface F € Iy, n I,
M}FlF(HTl) + M‘EF(HTZ) = 0, S%F(HTI) + S}FzF(HTz) = 0.
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@ Conclusions & perspectives
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Conclusions & perspectives

B We presented a new nonconforming method based on a primal formulation

B Choosing k = 1 is enough to get a quadratic energy error and a quartic I.2-error

B Mechanical equilibrium principles are reproduced at the discrete level
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Conclusions & perspectives

Conclusions

B We presented a new nonconforming method based on a primal formulation
B Choosing k = 1 is enough to get a quadratic energy error and a quartic I.2-error

B Mechanical equilibrium principles are reproduced at the discrete level

4

B Consider the case of simply supported plates:

u=0 and (AV?uW)n-n=0 ondQ

B Consider a variant based on a dual formulation

B Couple the method with a time discretization to treat dynamics of plates
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