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Motivations

B Let Q c R? be an open, bounded, connected polygonal 2D domain

Kirchhoff—Love clamped plate problem

For f € L*(Q), find w € H3(Q) such that
(AV?u, V?v) = (f,v) Yve Hj(Q)

B Standard conforming discretizations are computationally expensive
(C! elements)

B HCT energy-error estimate [Ciarlet, 1974]: provided u € H*(Q),

lu = unl 20y < CR?[ulgaca)

J

B Goal: devising a nonconforming numerical scheme, so as to improve the
computational cost of the method

& [B., Di Pietro, Geymonat, Krasucki, M2AN 2018]
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Numerical methods for KL plates — state of the art

[Johnson, 1973]: convergence of mixed FEM

[Lascaux-Lesaint, 1975]: convergence of FEM on nonconforming elements
[Baker, 1977]: first discontinuous element approach

[Brezzi—Fortin, 1991]: mixed FEM, first-order equations
[Amara—Capatina—Chatti, 2002]: mixed FEM, Tartar’s lemma
[Mozolevski-Siili, 2003]: nonsymmetric hp-Discontinuous Galerkin
[Georgoulis—Houston, 2008]: hp-Discontinuous Galerkin, unified approach
[Cockburn—-Dong—Guzman, 2009]: Hybridizable Discontinuous Galerkin
[Brenner, 2010]: C? interior penalty

[Behrens—Guzman, 2011]: mixed FEM, first-order equations
[Brezzi—Marini, 2013]: Virtual Element Methods

[Mu-Wang-Ye, 2014]: Weak Galerkin

[Chinosi—Marini, 2016]: VEM, L2-estimates

[Zhao—-Chen-Zang, 2016]: nonconforming VEM
[Antonietti-Manzini-Verani, 2017]: fully nonconforming VEM, nodal unknowns
[B.-DiPietro—Geymonat—Krasucki, 2018]: Hybrid High-Order, primal
[Dong, 2018]: hp-Discontinuous Galerkin method on polytopal grids
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Key ideas for HHO

W Discrete unknowns

o Polynomials of order k£ > 1 on mesh cells and faces
0 Cell-based unknowns can be eliminated by static condensation

B Building principles

o Reconstruction operator based on local primal Neumann problems
0 Face-based penalty linking cell- and face-based unknowns

B Main benefits

O Capability of handling general polygonal meshes
0 High-order method: energy-error estimate of order (k + 1),
L2-error estimate of order (k + 3) for smooth solutions
o Key continuous mechanical properties reproduced at the discrete level
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Mesh

Mesh regularity

We consider a sequence (73)pen S-t., for
all h € H, T, admits a simplicial submesh
‘Zh, and (Th)heﬂ is

B shape-regular in the usual sense of /\
Ciarlet

B contact-regular, i.e., every simplex
ScTisst hs ~ hr

Consequences [Di Pietro & Ern, 2012; Di
Pietro & Droniou, 2017]:

B L2-trace and inverse inequalities N \\ _/
B Approximation for broken polynomial )

spaces

Hypothesis: the material tensor field A is
element-wise constant; we set

Ap = A\T VT €T
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Projectors on local polynomial spaces

Let X € T» u F), be a mesh cell or face.
B The L*-orthogonal projector 7% : L*(X) — P*(X) is s.t.
(rhv—v,w)x =0 Yw e P (X)
B The local energy projector wh: H?(T) — P*(T), for £ > 2, is s.t.

(ArV3(wrv —v), VW), =0 Ywe PY(T),

77 (v —v) = 0

B Both projectors have optimal approximation properties in H°(T')

Theorem (Optimal approximation properties of w%)

There is C > 0 independent of h, but possibly depending on A,
st,forall T e Tp,alse{2,...,4+ 1}, and allv e H*(T),

v — @hv|gm () < ChE ™| ms (1) Vm e {0,...,s — 1},

|’U — wg"Ule(aT) < Ch;—m—l/le‘Hs(T) Vm e {O, ceey S — 1}
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Local unknowns and interpolation

Bio

Figure: U%. for k € {1, 2}

B Fork > 1,and T € Ty, we define the local space of discrete unknowns

Uy = P¥(T) x ( X Pk(F)2> x < X Pk(ﬂ)

FeFr FeFr

ur = (ur, (vv,r)rery, (VF)rer,)

B The local interpolator I%.: H*(T') — U% is s.t.

Liw = (who, (m (V0)19)) pe,y - (T (0)p)) ey
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Local deflection reconstruction |

B The local deflection reconstruction r%72: Uk, — P**2(T) is s.t.

(ArV2ri 2y, V2w)r = (vr, divdiv Ar Vw)r

+ Z (UV,F7(ATV2w)nTF)F

FeFr
. 2
- Z (vr,div ArV ’ll)'nTF)F
FeFrp

for all w e P*+2(T"), with closure condition

7 (rE v, —vr) =0
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Local deflection reconstruction |

B The local deflection reconstruction r%72: Uk, — P**2(T) is s.t.

(ArV2ri 2y, V2w)r = (vr, divdiv Ar Vw)r
+ Z (ve,r, (ArViw)nrr),

FeFr

= > (vr,divArViw - nrr),

FeFrp

for all w e P*+2(T"), with closure condition

;“(Tsf vy —vr) =0

B By the definition of I%. it holds, for all v € H*(T') and all w € P¥*2(T),
(Ar Vi 1E 0, Vi) = (7o, divdivATVQw)T

+ Z (}"/ ,(ArV w)nTF)F

FeFr

Y (Fo,divarViu-nrr),

FeFr
= (ArV?v, VZw)r
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Local deflection reconstruction Il

B As aresult, for v e H*(T),

(Ar V(5w —0), V2w), =0 Ywe P*(T),

(5Pl —v) = 0

k+2 k k+2
’ rp - olp =wrp

B Thus, 752 o I% has optimal H*-approximation properties
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Global problem |

B For all T € Ty, we define the local bilinear form ar: Uk x UX — R by

’ ar(ur, vy) = (ATV2T§+2UT7 VzTTI?HXT)T + st (Ur, vr) ‘

B The stabilization term sr: U x UL — Ris s.t.

A+
seur, vy) = 31 (T (5 g = ur), 7h 0 ey —or)
A+
+ th Z ( BV, —uy p), TR (Vi v, — vy F))
T FeFr F

A+
+ =L Z (P u, — up), Th (A Py, — UF))
T FeFr "

B Polynomial consistency: since ra?15kv = wh2v = v for all v e P*+3(T),

ST(E}U?WT) =0 Vwre Q?
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Global problem |l

B Define the following global space with single-valued interface unknowns:

Uy, = < X ]P’k(T)) x ( X ]P’k(F)2> x ( X IP’k(F)>
TeTy FeFp, FeFy

B A global bilinear form is assembled element-wise:

an(uy,v,) = Z ar(ur,Vr)
TeTh

Discrete problem

Find u, € U} ;= {v, € U} : vr = 0, vy r = O forany F € 7} s.t.

[an (v, = (Fron) |

with Unh|T = VT forall T € Ty
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Global problem Il

m Define on Uy, , the following norm

+
1 2 2 ‘A 2
Ivallan = )] (|A1<2V vr|T + h; >, lvwr — Vor[

TeTy FeFr

A v
+hTT > ”UF'UT2F>

T FeFrp

B The global bilinear form ay, is coercive and bounded:

HKthz%,h < an(vy,vy) S thuﬁ,h Vv, € Qﬁ,o

B The global bilinear form ay, is consistent: for all v e H*™3(Q) n H3 (),

(divdiv AVZv, wp,) — an(liv, w,)

< Bl e o
AR

S
i EA
w, €Uy ,\{05} h
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Energy-error estimate

m Define the global deflection reconstruction ry*2: UF — L*(Q) s.t., for all
v, € les
(ra v =iy VT eT,

B Define the following stabilization seminorm on Ql,j

|¥h|§,h = Z st(vy, V)
TeTy

Theorem (Energy-error estimate)

Letu € H5(2) and u, € Uy, ;. Assume the additional regularity u € H"*3(1).
Then, there is C' > 0 depending on A, but independent of A, s.t.

|AY2V3 (rh 2wy, = )|+ [wylsn < CR™ Hul grss o)

B Choosing k = 1 we recover the HCT error estimate
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L2-error estimate

m To infer a sharp L2-error estimate, we assume biharmonic regularity:
For all ¢ € L?(f2), the solution z € HZ(Q) to

(AV?2,V?0) = (¢,v) Yo € Hg(Q)
satisfies the a priori estimate
[2] 74 () < Chinar|qlls

with Chinar > 0 only depending on

Theorem (L>-error estimate)

Letu € H5 () and u, € U}, ;. Assume biharmonic regularity, / < /7" (75),
and u € H’”"’(Q). Then, there is C' > 0 depending on A, but independent of h,
s.t.

Irst?u,, — ull < CR**® ([ul gersiy + | flar+i(r,)
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Numerical examples |

B We solve the biharmonic equation on Q = (0,1) x (0, 1), for
u(@,y) = 2*(1—2)*y*(1 —y)°

. .
10-2% 102 1012 10-2% 102 1012 102 1012

(a) Triangular (b) Cartesian (c) Hexagonal

Figure: Energy error vs. meshsize for three different meshes

F. Bonaldi MAFELAP 2019 June 20, 2019 14/16




Numerical examples Il

B We solve the biharmonic equation on Q = (0,1) x (0, 1), for

u(z,y) = 2*(1 — 2)%y° (1 — y)

—W—k=1 ——k=2 —A—k=3
T T T T T T T T
ool 10-3F 1

1074

-5 | 1070 1
1070 10
105 1077 . 1077 .

: :

10-10 | 10°0F 1070 F 1

11 B B
10-2L 107 b - . 10-11 L _ . |

10-25 102 10°10 102 1012

(a) Triangular

(b) Cartesian

(c) Hexagonal

Figure: L2-error vs. meshsize for three different meshes
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Conclusions & perspectives

B We presented a new nonconforming method based on a primal formulation

B Choosing k = 1 is enough to get a quadratic energy error and a quartic L2-error
B Mechanical equilibrium principles are reproduced at the discrete level

Perspectives

B Consider the case of simply supported plates:
u=0 and (AVZu)n -n=0 onaQ

B Consider a variant based on a dual or mixed formulation
B Consider the case of Reissner—Mindlin plates

F. Bonaldi MAFELAP 2019 June 20, 2019 16/16



Thanks for your attention
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Discrete PVW & Laws of action-reaction |

B Let T e 7}, be fixed, and My = —Ar V34
B At the continuous level
o The principle of virtual work holds:

For all v e P*(T),

_(MT7V2'U)T+Z (Mrnrp, Vo) —2 (div Mr-nrp,v)r = (f,v)r
FeFr FeFr

o The following laws of action-reaction hold, for F' € Fr, n Fr,:

MTlnT1F+MT2nT2F = 07 div MTl-nTIF +diV MTQ-’ILTQF =0

B The solution to the discrete problem satisfies discrete counterparts of the
above statements

F. Bonaldi MAFELAP 2019 June 20, 2019



Discrete PVW & Laws of action-reaction I

B Define the space

Dir = ( X P'“(F)2> x ( X IP”“(F))
FeFr FeFr

and the boundary difference operator §5,.: U5 — D, sit., forall v, € UL,

Sbpvy = ((5kV,FXT)FE.‘FT7 (5§~!T)FGFT)
= ((vw,Fr — Vur)rery, (VF — V1) Fery)
B Define now the residual operator
BST = <(RkV,F)F€]:T7 (RIIC?)FG}_T> : Q? - DST
st forallv, € Uk and all ayp = ((aw,r) rery, (0F) Fery) € Dby,

(RErvr,aor)oor = ), ((RkVJ‘XT»aV,F)F + (R’faxT,aF)F>
FeFr

=s7((0, 857v7), (0, a57))
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Discrete PVW & Laws of action-reaction Il

Lemma (Local principle of virtual work and laws of action-reaction)

Letu, € Qﬁjo be the unique solution to the discrete problem and, for all T’ € 75,
and all F € Fr, define the discrete moment and shear force

MI;“F(ET) = —((AVQT’:I;HHT)TLTF A RkV,FHT):
S’?F(ET) = —div AV2r§+2gT -nrr + R];:'QT.

Then, the following discrete counterparts of PVW and laws of action-reaction
hold, respectively:
For any mesh element T' € Ty, and for all vr € P*(T),

(ArV2ryPug, vr)r + ) (Mip(ug), Vor)e — . (Str(ug),vr)r = (f, vr)Th
FeFr FeFr

For any interface F € Fr, n Fr,,
MITleF(ETl) + Ml'lcﬂzF(gTz) =0, Sé@“lF(ETl) + S§2F(ET2) = 0.
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